Abstract. We prove that the set of non-pseudo-Anosov elements in the Torelli group is exponentially small. This answers a question of Kowalski [Ko].
c. There is d ≥ 2 and polynomial g(x) such that f (x) = g(x d )
Thus, it is enough to show that the set of elements of Sp(2g, Z) which satisfy at least one of the above three conditions is exponentially small. This is not a hard task for conditions (b) and (c) so we only focus on condition (a). The proof that the set of elements which satisfy condition (a) is exponentially small uses the 'large sieve method' (implicitly in [Ri1] and explicitly in [Ko] ). For our purpose, this method can be summarized in the following theorem which follows from Theorem B of [LM] Theorem 2. Let Γ be a finitely generated group and let P be a set of all but finitely many primes . Let (N p ) p∈P be a series of finite index normal subgroups of Γ. Assume that there is a constant d ∈ N + such that:
1. Γ has property-τ with respect to the series of normal subgroup (N p ∩ N q ) p,q∈P . 2. |Γ p | ≤ p d for every p ∈ P where Γ p := Γ/N p . 3. The natural map Γ p,q → Γ p ×Γ q is an isomorphism for every distinct p, q ∈ P where Γ p,q := Γ/(N p ∩ N q ). Then a subset Z ⊆ Γ is exponentially small if there is c > 0 such that:
4.
|Zp| |Γp| ≤ 1 − c for every p ∈ P where Z p := ZN p /N p .
Theorem 2 can be used to show that the set Z ⊆ Sp(2g, Z) consists of matrices with reducible characteristic polynomials is exponentially small. Indeed, the symplectic group Sp(2g, Z) has property-τ with respect to the family {N q | q is a square free positive integer} where N q is the kernel of the modulo-q homomorphism Sp(2g, Z) → PSp(2g, Z/qZ)) (in fact, the group Sp(2g, Z) even has property (T) for g ≥ 2). Condition 2 holds for d = 4g 2 and condition 3 is well known. Condition 4 is due to Chavdarov [Ch] who proved that there is a constant c ∈ (0, 1) such that for every prime p the proportion of the elements in Sp(2g, Z/pZ) with reducible characteristic polynomial is at most c.
The proof sketched above gives no information on the Torelli subgroup T (S) := ker π. The group T (S) is trivial for g = 1 and infinitely generated for g = 2. On the other hand, T (S) is finitely generated group for g ≥ 3 so from now on we assume g ≥ 3. In the early days it was not even known if T (S) contains PA elements. However, it does and Maher result even showed that 'most' of the elements in a ball of radius n are P A. Kowalski [Ko, page 135] asked if the stronger result is valid also for T (S). In this paper we prove that this is indeed the case:
Theorem 3. The set of non-PA elements of T (S) is exponentially small.
Our proof also uses the sieve method but instead of π we look at the actions of T (S) on the homologies of the 2 2g −1 2-sheeted covers of S (called prym representations in [Lo] , see also [GL1] and [GL2] ). These covers give
We show that if γ ∈ T (S) is not PA then there is 1 ≤ i ≤ 2 2g − 1 such that the characteristic polynomial of π i (γ) is reducible. We also show (following [Lo] and [GL2] ) that π i (T (S)) is a finite index subgroup of Sp(2g − 2, Z) and hence also has property-τ with respect to congruence subgroups. We can therefore use the sieve method in a similar manner to the use for the mapping class group case.
After this work was announced in [Lu2] and a draft was written we learnt that Justin Malestein and Juan Souto also proved Theorem 6 [MS] . The main idea is similar in both proofs, but some details are done differently.
The Torelli group.
2.1. The mapping class group and the Torelli subgroup. Let S be an orientable connected compact surface of genus g ≥ 2, S is homeomorphic to a connected sum of g tori. For 1 ≤ k ≤ g − 1, let c k be the curve separating the left k tori for the right g − k ones, as shown in Figure 1 
The mapping class group MCG(S) of S is the group of isotopy classes of orientation-preserving homeomorphisms of S. We will denote an isotopy classes with representative ψ by [ψ] . The group MCG(S) acts on H 1 (S, Z) and preserves its symplectic form. Hence, this action induces a homomorphism
While the action of MCG(S) on H 1 (S, Z) can be used to investigate its elements, it does not tell us much about the Torelli group elements. To overcome this problem we will investigate the action of the Torelli group on the homology of the double covers of S.
2.2. Pseudo-Anosov elements. We start this section with the NielsenThurston classification of the elements of the mapping class group . An element Ψ ∈ Γ g is called pseudo-Anosov (PA for short) if there is a pair of Figure 1 . A surface of genus g. [FM] ). For our purpose, we do not need the details of this definition and we can use the following theorem:
Theorem 4 (see [FM] , Theorem 12.1). An element Ψ ∈ MCG(S) is pseudoAnosov if none of the following two possibilities holds:
There is a finite non empty disjoint collection of non homotopic non trivial circles C i in S and a ψ ∈ Ψ such that ψ(C) = C, where C is the union of the circles C i (C i is non trivial if is not contractible to a point). We call Ψ periodic in case (1) and reducible in case (2).
It is known that the Torelli group is torsion free. Hence, in order to show that an elements Ψ ∈ T (S) is pseudo-Anosov we will have to show that it is not reducible. In fact, we will use a result of Ivanov ( [Iv1] , Corollary 1.8) which implies:
If Ψ is not pseudo-Anosov then there is a non-trivial circle C and ψ ∈ Ψ such that Ψ(C) = C.
A circle C on S is non-separating if S \ C is connected. If C and C are non separating circles then there is a homeomorphism which sends C to C . Hence, if C is a non-separating circle then there is a homeomorphism which sends C to a 1 .
A circle C of S is separating if S \ C is not connected. If C is a non trivial separating circle then it follows from the classification theorem of compact surfaces that there is 1 ≤ k ≤ g − 2 and a homeomorphism which sends C to the curve c k shown in Figure 1 (in fact, by symmetry we can assume that
). Summing all this we get the following:
If Ψ is not psuedo-Anosov then there is ψ ∈ Ψ and an orientation preserving homeomorphism ν of S such that one of the following holds:
2.3. The action of a psuedo-Anosov element on the homology of a double cover. Let M be the bordered surface obtained from S after cutting along the curve b g (Figure 2 ). So, S is a quotient space of M under the identification ofḃ g andb g . We take two copies M ,M * of M and glue them together by identifyingḃ * g withb g andb * g withḃ g (Figure 3 ). The resulting surfacesS together with the natural map ϕ :S → S is a double cover of S of genus 2g − 1. Let H be the kernel of the homomorphism H 1 (S, Z) → H 1 (S, Z) induced by ϕ. The group H is isomorphic to Z 2g−2 with z 1 , z −1 , . . . , z g−1 , z 1−g as a free basis where
Note that the identity map on S has two lifts toS. One is the identity and the other one is ξ which for every q ∈ S substitutes the two lifts of q.
Choose a point p ∈ S and a liftp of it toS. For every Ψ ∈ T (S) we choose a representative ψ ∈ Ψ such that ψ(p) = p. Since (S, ϕ) is an abelian cover of S and T (S) acts trivially on H 1 (S, Z) we can lift ψ toS in two ways, one which fixesp and one which switchesp with the other lift of p. Letψ be the first lift (the second one is ξ •ψ). This defines a map λ : T (S) → MCG(S) which sends every Ψ ∈ T (S) to the isotopic class ofψ. If Ψ ∈ T (S) then λ(Ψ) acts on H 1 (S, Z) and leaves H invariant. It also preserves (·, ·)S and (·, ·) H . This define a map from T (S) to Sp(H). However, this map may depend on the choice of representative ψ of Ψ and may fail to be a homomorphism. But let us now compose λ with π, the homomorphism from isotopy classes of MCG(S) which leaves H invariant and preserves (·, ·) H into PSp(H). We define:
Proposition 2. The map ρ is a homomorphism.
Proof. Since π is a homomorphism is is suffices to show that ρ(Ψ) does not depend on the representative ψ which has been chosen for Ψ.
Let Ψ ∈ T (S) and let ψ 0 , ψ 1 ∈ Ψ. Letψ 0 andψ 1 be the lifts of ψ 0 and ψ 1 which preserve the pointp. There is an isotopy (ψ t ) t∈ [0, 1] between ψ 0 and ψ 1 . This isotopy can be lifted to isotopy (ψ t ) t∈[0,1] inS such thatψ 0 =ψ 0 . Note thatψ 1 is a lift of ψ 1 but it does not have to preservep. Ifψ 1 (p) =p then ψ 1 =ψ 1 which means thatψ 0 andψ 1 are isotopic so π([ψ 0 ]) = π([ψ 1 ]). On the other hand, ifψ 1 (p) =p thenψ 1 = ξ•ψ 1 when ξ is the non-identity lift tõ S of the identity on S and π([
The goal of the next proposition is to show that the image of ρ is of finite index in PSp(2g − 2, Z). The proof of this proposition is by analyzing certain Dehn twists so we briefly recall their definition (for more details see [FM] , 2.2 and 7.1).
Let t be a simple closed curve of an oriented surface S and let N be a regular neighborhood of it homoeomorphic to an annulus (the homoeomorphism is required to preserve orientation), which we consider parameterized as {(r, θ) | 1 ≤ r ≤ 2 ∧ 0 ≤ θ < 2π} where t is identified with {( 3 2 , θ) | 0 ≤ θ < 2π)}. A Dehn twist D t along t is the homeomorphism given by identity outside N and by the map (r, θ) → (r, θ + 2πr) on N . The isotopic class of this homeomorphism does not depend on the neighborhood N . The action of
The following Proposition is a consequence of the more general results in [Lo] . For completeness we give the proof of our concrete case. Proof. For i, j ∈ {±1, . . . , ±(g − 1)} with i = ±j we define:
The T i 's and T i,j 's are called elementary symplectic transformations of H with respect to the basis z 1 , z −1 , . . . , z g−1 , z 1−g and they generate Sp(H) [HO] . Let E be the set of elementary symplectic transformations with respect to the above basis. Tits proved that for every k ∈ N + the set E k := {T k | T ∈ E} generates a finite index subgroup of Sp(2g − 2, Z) ( [Tit] ). LetT i ∈ PSp(2g − 2, Z) andT i.j ∈ PSp(2g − 2, Z) be the images of T i and T i,j . In order to prove the Proposition it suffices to show that Imρ containsĒ 4 whereĒ 4 := {T | T ∈ E 4 }. Fix 1 ≤ i ≤ g − 1. We start by showing thatT 4 i ∈ Imρ. Let t be the simple closed path of S drawn in Figure 4 . Then [D t ] ∈ T (S) sincet = 0. The curve t has two disjoint lifts t 1 ,t 2 toS as shown in figure 5 . Thus,
) (since the two lifts are disjoint, the isotopic classes of their Dehn twists commute, so the order of the multiplication is not important). Since (·, Hence:
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Thus, ifT
±i,±j ∈ Imρ. An element of PSp(2g − 2, Z) has two lifts to an elements of Sp(2g − 2, Z). However, the characteristic polynomials of these lifts are all reducible or all irreducible. Thus, we can talk about the reducibility of an element of PSp(2g − 2, Z). We are ready to prove the main proposition of this section.
Proposition 4. There is a finite number of homomorphisms
with the following properties:
1. The homomorphism ρ i is onto a finite index subgroup of PSp(2g − 2, Z)
Proof. Let Ψ ∈ T (S) be a non pseudo-Anosov element. First assume that there exist ψ ∈ Ψ satisfying ψ(a 1 ) = a
In the first case ρ(Ψ) preserves z 1 while in the second case, it preserves z 1 , z −1 , . . . , z k , z k (ψ leaves the two components of S \ c k invariant since it acts trivially on the homology). Thus, if we choose an isomorphism δ : PSp(H) → PSp(2g −2, Z) then the characteristic polynomial of δ • ρ(Ψ) is reducible. Now for a general Ψ, Lemma 1 shows that there is an orientation preserving homeomorphism ν of S such that (1) or (2) of this lemma are satisfied. We can use the above construction of the double cover with respect to ν(a 1 ), ν(b 1 ), . . . , ν(a g ), ν(b g ) instead of a 1 , b 1 , . . . , a g , b g to get the desired homomorphism.
This implies that for every Ψ ∈ T (S) which is not pseudo-Anosov there are a double cover (S, ϕ) of S, an orientation preserving homeomorphism ν of S and a homomorphism ρS ,ν : T (S) → PSp(2g − 2, Z) such that the characteristic polynomial of ρS ,ν (Ψ) is reducible. However, the dependence of ρS ,ν on ν just follows from the choice of basis for ker(H 1 (S, Z) → H 1 (S, Z)).
Hence, fix once and for all a basis BS of ker(H 1 (S, Z) → H 1 (S, Z)) (BS does not depend on ν or Ψ only onS) and define the homomorphism ρS : T (S) → PSp(2g − 2, Z) with respect to this basis. Then, ρS(Ψ) and ρS ,ν (Ψ) are conjugate so the characteristic polynomial of ρS(Ψ) is also reducible. This finish the proof since S only has 2 2g − 1 double covers.
Random walks and large sieve techniques
We start this section with a formal model for random walks. Let Γ be a group. A finite symmetric subset Σ of Γ is called admissible if it generates Γ and satisfies an odd relation, e.g. if it contains the identity (symmetric means Σ = Σ −1 ). Fix an admissible subset Σ of Γ and endow it with the uniform probability measure. A walk w on Γ with respect to Σ is a function w : N + → Σ. The k th -step of w is w k := w(1) · · · w(k) (in particular, w 0 is the identity). The probability measure on Σ induces a product probability measure on the set of Σ-walks Σ N + . For a subset Z of Γ we denote the probability that the k th -step of a walk belongs to Z by prob(w k ∈ Z). The set Z is called exponentially small with respect to Σ if there are constants c, α > 0 such that prob(w k ∈ Z) ≤ ce −αk for every k ∈ N. A set is exponentially small if it exponentially small with respect to every admissible subset of Γ.
The following theorem follows immediately from Theorem 2 of [LM] :
Theorem 5. Let Γ be a finitely generated group and let P the set of all but finitely many primes. Let (N p ) p∈P be a series of finite index normal subgroups of Γ. Assume that there is a constant d ∈ N + such that:
1. Γ has property-τ with respect to the series of normal subgroup
. Then a subset Z ⊆ Γ is exponentially small if there is c > 0 such that:
4.
|Zp| |Γp| ≤ 1 − c for every p ∈ P where
See Section 2 of [LM] or [Lu1] for the definition of property-τ . We are ready to prove our main theorem:
Theorem 6. Let S be an orientable connected compact surface of genus g ≥ 3 and denote its Torelli subgroup by T (S). The set Z ⊆ T (S) consisting of non-pseudo-Anosov elements is exponentially small. Proof. Let ρ 1 , . . . , ρ n : T (S) → PSp(2g − 2, Z) be the homomorphisms of Proposition 4. For every 1 ≤ i ≤ n, define Z i := ρ −1 i (R) where R ⊆ PSp(2g − 2, Z) consisting of the elements with reducible characteristic polynomial. We have Z ⊆ ∪ 1≤i≤n Z i so it is enough to prove that for such an i the set Z i is exponentially small. Fix 1 ≤ i ≤ n.
For every prime p define ψ p := π p • ρ i and N p := ker ψ p where π p is the modulo-p map PSp(2g − 2, Z) → PSp(2g − 2, Z/pZ). The image of ρ i in P Sp(2g − 2, Z) is of finite index. This and the fact that PSp(2g − 2, Z/pZ) is simple for p ≥ 3 implies that for large enough prime p the image of ψ p is PSp(2g − 2, Z/pZ). Let P be the set of large enough primes. We have to check that the four conditions of Theorem 5 are satisfied.
Condition 1 follows from the fact that PSp(2g − 2, Z) has property-τ with respect to the family of congruence subgroups and the fact that property-τ is inherited by finite index subgroups (see for example [Lu1] ). Condition 2 is readily true for d = (2g − 2) 2 . Condition 3 follows from the fact that for distinct primes p, q ≥ 3 the groups PSp(2g − 2, Z/pZ) and PSp(2g − 2, Z/qZ) are simple and non-isomorphic. Finally condition 4 was proved by Chavdarov [Ch] (see also [Ri1] ).
Remark. The method of proof actually applies to many other subgroups of MCG(S) besides the Torelli subgroup. In fact, by combining strong approximation [We] and the result of Salehi-Golsefidy-Varju about property-τ [SGV] , the proof applies to all subgroups Γ of T (S) such that for every 1 ≤ i ≤ n the group ρ i (Γ) is Zariski-dense subgroup of PSp(2g − 2, Z) where the notations are as in Proposition 4. In particular, the result applies to all finite index subgroup of T (S). Another interesting class of subgroups are the Johnson subgroups. For every k ∈ N + let J(k) be the kernel of the action of MCG(S) on π 1 (S)/γ i (π 1 (S)) where π 1 (S) is the fundamental group of S and γ i (π 1 (S)) is the i th -subgroup in the lower central series of π 1 (S). The Torelli group is just J(2) and for every k ≥ 2 the group J(2)/J(k) is nilpotent. The group PSp(2g − 2, Z) has property-T for g ≥ 3 so if H is a finite index subgroup of PSp(2g − 2, Z) and L H is co-nilpotent then L is of finite index in H. Thus, for every k ≥ 2 and every 1 ≤ i ≤ n the group ρ i (J(k)) is a finite index subgroup of PSp(2g − 2, Z) and in particular Zariski-dense.
For k ≥ 3 the group J(k) is unlikely to be finitely generated. However the previous discussion shows that there is a finite set R(k) ⊆ J(k) such that if L(k) is a finitely generated subgroup of J(k) which contains R(k) then for every 1 ≤ i ≤ n the group ρ i (L(k)) is a Zariski-dense subgroup of PSp(2g − 2, Z). Thus, the set of non-pseudo-Anosov elements of L(k) is exponentially small. This shows that in some sense Theorem 6 is true for "sufficiently large" finitely generated subgroups of T (S), e.g. subgroups which contains R(k). The use here of the term "sufficiently large" should be compared to the one in [Ma] where the term "sufficiently large" subgroup refer to a subgroup which contains a pair of pseudo-Anosov elements with distinct fixed points in the space of projective measured laminations.
